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Abst rac t - -What  is the smallest square which contains ten pairwise disjoint congruent open disks 
of unit diameter? It is conjectured that the min imum side is 3.373 .... This paper proves that the 
side is at least 3.334. © 1999 Elsevier Science Ltd. All rights reserved. 
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A typical problem of discrete geometry is this: What is the smallest square which contains ten 
pairwise disjoint congruent open disks of unit diameter? It is still just a conjecture that the size 
of such a square is 3.3737... where the best configuration is in Figure 1. 
Figure 1. Arrangement of ten nonoverlapping congruent disks conjectured to be the 
densest in a square. 
When you try to prove the conjecture, you face a lot of problems of numerical methods. Over- 
coming the difficulties, in this short paper, we prove approximately- - the conjecture. 
What  is the maximum diameter of n equal circles that can be packed into a unit square? How 
should n points be arranged in a unit square so that the minimum distance between them is the 
greatest? These two problems are equivalent, since if a collection of points in a unit square are 
a distance of at least d from each other, the points serve as the centers of a collection of circles 
of diameter d that will pack into a square of side 1 + d. We write dn for the greatest possible 
minimum distance between points in a unit square. The problem of computing dn was raised 
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Figure 2. A partition of a square of side 2.2. 
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Figure 3. A partition of a square of side 2.334. 
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Figure 4. A partition of a square of side 2.334. 
for n = 8 by Moser [1]. We concentrate on the computat ion of dl0. The detai led history of the 
general problem can be read in [2-6]. The specific case n = 10 was studied in [1,6-13]. 
The construct ion in F igure 1 proves that  dl0 _> 0.4214 . . . .  In this short paper,  we show that  
dl0 < 3/7 = 0.4285 . . . .  The idea we get from [4], shown in F igure 2. 
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By contradiction we prove that dl0 (_ 5/11 : 0.4545 . . . .  Assume that there are ten points in 
the square such that the distance between any two of them is > 1. The square is partitioned into 
nine parts each of diameter 1. Applying the "pigeon-hole principle" we gain that at least one 
part contains two points out of the ten, which is impossible. 
We focus on a little-bit larger square whose side is of length 2.334. We prove that dl0 _< 
1/2.334 > 5/11 by contradiction. We assume that there are ten points in the square such that 
the distance between any two of them is strictly greater than 1. Figure 3 shows a symmetrical 
partition of this square into five parts. The central circle has diameter 1. By the pigeon-hole 
principle at least one corner part, say the lower-left corner, contains at least three out of the ten 
points. 
Now, we consider another partition of the square in Figure 4. The vertices of the polygonals 
are defined exactly by Tables 1 and 2. The numbers represent exact values but x13, XlS, Y13, Yls 
are exactly defined by the relations x18 = Y13 = (2.3342 + 32)/(4 • 2.334) = 0.9048.. . ,  x13 = 
Yls ---- 2.334/2 - ~ = 0.7412 . . . .  Each polygonal part and even the union of two more 
neighboring parts has diameter at most 1. A set of diameter _< 1 contains _< 1 points out of the 
ten. By the above observation, the union of a, a'b, b'c, c~d, d ~, e, e', f contains > 3 points out of 
the ten since this union contains the above mentioned lower-left corner. Now, it is just a clearly 
combinatorial question to find a contradiction. This completes the proof. 
Table 1. Coordinates of the vertices in Figure 4. 
i x i  yi  i x i  Yl i x i  yi  
0 0 0 15 0.811 0.584 30 1.493 1.793 
1 0 0.422 16 0.826 1.771 31 1.529 0.782 
2 0 0.906 17 0.855 1.518 32 1.62 0.7 
3 0 1 18 0.905 0.741 33 1.652 2.334 
4 0 1.167 19 0.906 0 34 1.698 1.619 
5 0 1.576 20 0.927 1.373 35 1.737 0.802 
6 0 2.334 21 0.965 0.259 36 1.906 0 
7 0.259 0.965 22 0.982 0.982 37 2.028 0.952 
8 0.422 0 23 1 0 38 2.051 2.334 
9 0,422 0.422 24 1.051 2.334 39 2.334 0 
10 0,584 0.811 25 1.167 0 40 2.334 0.903 
11 0.652 2.334 26 1.167 0.667 41 2.334 1.375 
12 0.667 1.167 27 1.3 0.919 42 2.334 1.603 
13 0.741 0.905 28 1.369 1.637 43 2.334 1.903 
14 0.745 1.667 29 1.432 2.334 44 2.334 2.334 
Table 2. Vertex indices of the polygons in Figure 4. 
Polygon Vertex Indices Polygon Vertex Indices Polygon Vertex Indices 
a O, 8, 9 g 25, 26, 32, 36 m 31, 32, 34, 35 
a t O, 1, 9 g' 4, 5, 12, 14 n 27, 31, 34 
b 8, 9, 15, 19, 21 h 18, 22, 26, 27, 31, 32 n' 17, 20, 28 
b' i, 2, 7, 9, I0 h' 12, 13, 14, 17, 18, 20, 22 o 28, 30, 34 
c 19, 21, 23 i 20, 22, 27, 28, 34 p 34, 41, 42 
C t 2, 3, 7 
21, 23, 25, 26 
3, 4, 7, 12 
j, 
32, 35, 36, 37, 39, 40 
5, 6, 11, 14, 16 
pl 28, 29, 30, 33 
34, 42, 43 
d I k 34, 37, 40, 41 q, 30, 33, 38 
e 15, 18, 21, 26 k I 11, 16, 24, 28 r 30, 34, 38, 43, 44 
e I 7, 10, 12, 13 l 34, 35, 37 s 24, 28, 29 
f 9, 10, 15, 13, 18 I l 16, 17, 28 
178 M. HUJTER 
REFERENCES 
1. L. Maser, Problem 24 (corrected), Canad. Math. Bull. 3, 78 (1960). 
2. H.T. Croft, K.J. Falconer and R.K. Guy, Unsolved Problems in Geometry, Chapter DI: Packing circles or 
spreading points in a square, pp. 108-110, Springer-Verlag, (1991). 
3. M. Goldberg, The packing of equal circles in a square, Math. Mag. 43, 24-30 (1970). 
4. R.K. Guy and J.L. Selfridge, Optimal coverings of the square, In Infinite and Finite Sets, Proc. Colloq. 
Math. Soc. J. Bolyai 10, 745--799 (1974). 
5. J.B.M. Melissen, Dentest packings of eleven congruent circles in a circle, Geometriae Dedicata 13, 1-11 
(1994). 
6. M. Mollard and C. Payan, Some progress in the packing of equal circles in a square, Discrete Math. 84, 
303-307 (1990). 
7. C. de Groot, M. Monagan, It. Peikert and D. Wiirtz, Packing circles in a square: A review and new results, 
Leer. Notes Contr. Inf. Sci. 180, 45--54 (1992). 
8. C. de Groot, R. Peikert and D. Wiirtz, The optimal packing of ten equal circles in a square, IPS Research 
Report, ETH Ziirich. 
9. H. Hujter, Combinatorial Optimization Problems Related to Geometrical Packings and Coverings, Chap- 
ter l:Graph theoretical questions related to packings and coverings by congruent disks, Thesis, Department 
of Applied Mathematics University of Miskolc, Miskolc-Egyetemv~iras, (1992). 
10. It. Milano, Configurations optimales des disques dans un polygone r~gulier, M~moire de Licence, Univ. Libre 
de Bruxelles. 
11. 1t. Peikert, Dichteste Packungen yon gleichen Kreisen in einem Quadrat, El. Math. 49, 16-26 (1994). 
12. J. Schaer, On the packing of ten equal circles in a square, Math. Mag. 44, 139--140 (1971). 
13. G. Valette, A better packing of ten equal circles in a square, Discrete Math. 76, 57-59 (1989). 
